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John Innes Centre, Norwich, United KingdomABSTRACT Transcript elongation by RNA polymerase involves the sequential appearance of several alternative and off-
pathway states of the transcript elongation complex (TEC), and this complicates modeling of the kinetics of the transcription
elongation process. Based on solutions of the chemical master equation for such transcription systems as a function of time,
we here develop a modular scheme for simulating such kinetic transcription data. This scheme deals explicitly with the problem
of TEC desynchronization as transcript synthesis proceeds, and develops kinetic modules to permit the various alternative
states of the TECs (paused states, backtracked states, arrested states, and terminated states) to be introduced one-by-one
as needed. In this way, we can set up a comprehensive kinetic model of appropriate complexity to fit the known transcriptional
properties of any given DNA template and set of experimental conditions, including regulatory cofactors. In the companion
article, this modular scheme is successfully used to model kinetic transcription elongation data obtained by bulk-gel electropho-
resis quenching procedures and real-time surface plasmon resonance methods from a template of known sequence that
contains defined pause, stall, and termination sites.INTRODUCTIONOverview of what must be included in a model
of transcript elongation
Gene expression begins with initiation of RNA transcription
by an RNA polymerase holoenzyme at the promoter of a
gene or operon, followed by elongation and eventually
termination of the nascent RNA. These events are tightly
regulated, because mistakes in gene expression can compro-
mise the survival of single-celled organisms and potentially
lead to disease in higher eukaryotes. The transition from the
initiation to the elongation phase of transcription is com-
plete once the nascent transcript has grown to ~11–14 nucle-
otide residues in length. At this point the specificity subunit
(s-factor) is released, the mature nucleic acid scaffold of
the transcription elongation complex (TEC) is fully formed,
and the core RNA polymerase (RNAP) binds to it tightly.
The nucleic acid framework of the TEC consists of an
open transcription bubble that carries within it the RNA-
DNA hybrid, comprising the terminal 8–9 RNA nucleotide
residues (nts) of the 30-end of the nascent RNA chain that
are paired with the complementary nts of the DNA template
strand (see (1,2) and references therein). The transcription
bubble and the RNA-DNA hybrid remain approximately
constant in length and move along the template DNA with
the core RNAP as transcription proceeds.Submitted January 10, 2011, and accepted for publication July 22, 2011.
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0006-3495/11/09/1155/11 $2.00For survival it is vital that cells regulate the transcript
elongation process in response to environmental signals,
and also that elongation be tightly coupled to the down-
stream events of gene expression, such as RNA splicing
and translation. This coupling is significantly controlled
by pause and termination signals coded in the template
DNA, as well in the nascent RNA, and also by regulatory
protein (and small RNA) cofactors that bind to the TEC
(1–3). Unlike DNA polymerases and other processive
enzymes that also extend primed nucleic acid chains by
template-directed sequential addition of the next required
nucleoside triphosphate (NTP), the RNA polymerases
extend the nascent transcript at highly variable and
sequence-dependent rates (2,4). This reflects, at least in
part, the fact that the TEC has some probability of entering
one or more alternative states at any given template position.
This probability of entry into alternative states often
depends on local template sequence, but may also reflect
sequence-independent processes (4).
Pausing of the TEC on the template generally precedes
entry into alternative states. These pauses vary in length
and type. Ubiquitous pauses are of short duration (usually
<4 s) and may be caused by a slight fraying of the 30-end
of the nascent RNA from the template DNA, together with
an associated sequence-dependent misalignment of the
incoming template NTP in the active site (4,5). Paused states
with longer half-lives may be triggered by: 1), backtracking
at template positions that contain thermodynamically weak
hybrid sequences; 2), hairpins that form in the nascent RNA
upstream of the TEC, which may allosterically perturb the
conformation of the active site; and 3), roadblocks on the
downstream template DNA, including nucleoid proteins in
prokaryotes and nucleosomes in higher organisms (4,6).doi: 10.1016/j.bpj.2011.07.042
1156 Greive et al.All of these types of pauses can play important roles
in the regulation of RNA transcription, permitting, for
example, the triggering of termination by transcription
cofactors such as r-helicase in bacteria (7). Pauses also
participate synergistically in the processes of intrinsic termi-
nation and anti-termination (8) (see also Epshtein et al. (9)
and Datta and von Hippel (10)).
Finally, termination is often viewed as a kinetic competi-
tion or ‘‘race’’ between the processes of elongation and
termination (8,11). Terminators at defined sites before the
end of a gene are thought to act as ‘‘expression switches’’
that can be tuned by cofactors to alter the balance between
these competing pathways. During termination the RNA-
DNA hybrid is unwound, the transcription bubble collapses,
and the RNAP and the nascent transcript are released
from the template DNA (1,9). To fully understand how the
balance between pausing and termination regulates RNA
transcription, it is necessary to determine the rate constants
for these competing processes.Modeling the transcription process
Given these complexities and the central importance of tran-
scription in controlling the dynamics of cells and entire
organisms, the establishment of procedures to model the
kinetics of the transcription process has attracted much
attention and thought from many investigators. These
models range widely in mathematical complexity and in
purpose. Some start with the biology, and seek to define
the mechanistic elements that must be taken into account
in modeling the overall transcription process, and then
deal with them at a predetermined level of detail within an
appropriate mathematical framework.
These modeling efforts can be further divided into those
that are primarily concerned with modeling entire biological
regulatory networks, in which transcription is often
‘‘lumped’’ as a single component, effectively ‘‘coarse-grain-
ing’’ the entire transcription process by assuming that the
rate-limiting step for this process is initiation. Such ap-
proaches often boil down to asking—at the biological
regulatory level—the ‘‘yes or no’’ question of whether tran-
scription at a particular gene does or does not occur, and
then—if it does—treating the remainder of the transcription
process (including transcript elongation, termination, edit-
ing, etc.) as a lumped nonrate-limiting single step.
Other models of this genre do not make the assumption
that initiation is rate-limiting for the whole transcription
process, or indeed explicitly proceed on the assumption
that it is not. These approaches, focusing instead on the
elements of the elongation process, have sometimes proven
difficult to use in a predictive or descriptive capacity by
experimentalists, both because the mathematics often
appears formidable and because many of the needed kinetic
and thermodynamic parameters that are central to the model
are either unknown or not well defined.Biophysical Journal 101(5) 1155–1165Yet another class of kinetic models is more heavily
focused on integrating known kinetic parameters that have
been experimentally deduced into an overall predictive
model for what can be expected from transcript elongation
based on gene sequence and cofactor binding. Such models
attempt to recognize specific regulatory sequence elements
and then describe and ultimately predict how the kinetic
parameters associated with these sequence elements will
interact to control the rates of both the local and the inte-
grated elongation process. These approaches have led to a
number of predictive models to assist in understanding tran-
scriptional regulation through the effects of pausing and
termination (12–20).
However, these models have often relied heavily on rela-
tively few values of kinetic parameters that have been
deduced predominantly from time-resolved single-molecule
experimental work focused primarily on transcript elonga-
tion, the role of the nucleotide addition cycle, and pausing
(21–25). In this work, we extend this general approach to
take into account additional features not previously consid-
ered explicitly, such as the statistical desynchronization of
multiple TECs in bulk-solution studies and related complex-
ities. By proceeding in this way, we have sought to develop
an intuitive framework of modular models that can be
assembled in various combinations to simulate the events
of ‘‘real’’ transcription elongation. This approach permits
us to describe the effects of pausing, arrest, and termination
events on the progression of elongation complexes along
any template sequence.
We hope that experimentalists will find this modular
modeling approach to be particularly intuitive and easy to
use. Our approach is essentially based on initial information
from the coding sequence, and thus includes terms that
correspond to molecular events other than straightforward
elongation (e.g., pausing, stalling termination, back-
tracking, etc.) only as required by the template sequence.
This makes it easy to simulate the resulting transcription
elongation kinetics with ‘‘consensus’’ parameters that can
illustrate the effects of each additional modular element
on the rate of the overall elongation process. In the com-
panion article (26), as a fully worked-out example of this
approach, we apply a comprehensive kinetic scheme devel-
oped in this way to a dataset developed by monitoring the
kinetics of transcription of the well-known tR2 template
of phage l by two complementary assay procedures: one
(bulk-quenched-gel-electrophoresis) that measures the dis-
tribution of chain lengths during the transcript elongation
from a known stall site as a function of time, and the other
(surface plasmon resonance, SPR) that tracks increases and
decreases in the effective mass of the TEC as a function of
elongation time.
The results include the application of statistical tests to
analyze the parameter space and estimate the confidence
intervals, and show that this way of modeling and describing
the dynamics of transcription elongation is both robust and
Modular Models for Transcription Kinetics 1157informative. In addition, we emphasize that the method is
general, because it can equally well be used to model any
processive (or ‘‘n-step’’) process of sequential steps (27)
that involves template-dependent chain synthesis (for
example, DNA replication or protein synthesis), as well as
processes that do not produce a molecular product but can
be tracked by cyclical NTP hydrolysis events (for example,
the movement of molecular motors or helicases along
appropriate molecular ‘‘tracks’’).MATERIALS AND METHODS
Simulations
Simulations based on the simple kinetic modular models for different
transcription events were programmed into the Berkeley Madonna equation
solver (University of California, Berkeley, CA) as described in the
Supporting Material. Simulated data from these models were exported as
text files and assembled into graphs using SigmaPlot (Systat Software,
San Jose, CA).FIGURE 1 Simple model for transcription. (A) Depiction of a simple
model for transcript elongation by a transcription elongation complex
(TEC) across three template positions from the NTP-bound state at position
(i) to position (i þ 2), showing RNA polymerase (pale shaded oval),
template DNA (fine lines), nascent RNA (dark line), and bound NTP (solid
square). The events that occur during the forward reaction (NTP catalysis,
pyrophosphate release, TEC translocation, and binding of the next tem-
plated NTP), or the reverse reaction (pyrophosphorolysis), are lumped
together within the rate constants for the forward (kF) and reverse (kR) reac-
tions between each position and represented by the reaction arrows. (B)
Simulation of movement into, and out of, template position TECi þ 1 during
transcription under standard conditions, using forward and reverse rate
constants of 20 and 1  104 nt s1, respectively. (Solid curve) Fraction
of total TECs at position TECi þ 1 as a function of time.RESULTS
A simple model for RNA transcription
We begin with the simplest model of RNA transcription that
deals with the essential components of the process. Fig. 1 A
presents a model of bulk RNA transcription by TECs that
assumes: 1), there is only one TEC per DNA template; 2),
the concentration of NTPs is not limiting and the concentra-
tion of pyrophosphate is negligible; 3), the effect of DNA
sequence on the rate constants for elongation and pyrophos-
phorolysis (the chemical reverse of elongation) are uniform
at all template positions; 4), the steps of each single nucle-
otide addition or pyrophosphorolysis cycle can be described
by single forward and reverse rate constants (kF or kR); and
5), there are no off-pathway elongation-incompetent states.
We note that all of these assumptions can be relaxed as
further modules are added and ‘‘real’’ complexities are
introduced.
A series of coupled differential equations was written to
simulate the nucleotide addition or pyrophosphorolysis
events that describe the occupancy [TEC(i), TEC(i þ 1),
and TEC(i þ 2)] of template positions (i), (i þ 1), and
(i þ 2) in terms of the rate constants of entry into, and
exit from, these positions. For transcription over these three
template positions, the change with time in the fraction of
TECs at a particular template position is described by the
subtraction (from the original fraction of TECs at this posi-
tion) of all the TECs that are removed by reaction steps that
lead away from each of these positions and the addition of
all the TECs that are added by steps leading into these posi-
tions. This simplest kinetic model is shown schematically in
Fig. 1 A.
The rate constants of movement from position (i) to
(i þ 1) by nucleotide addition, and from position (iþ1) to
position (i) by pyrophosphorolysis, are described by Eq. 1:d½TECðiÞ
dt
¼ kF  ½TECðiÞ þ kR  ½TECðiþ 1Þ: (1)
Here kF and kR represent, as a function of time, the forward
and reverse rate constants, respectively, and TEC(i) and
TEC(i þ 1) represent the fractions of the total TEC popula-
tion that are located at template positions (i) and (i þ 1).
Similarly, the time dependence of the fractions of TECs
located at template positions (i þ 1) and (i þ 2) is repre-
sented by Eqs. 2 and 3:
d½TECðiþ 1Þ
dt
¼  kF  ½TECðiþ 1Þ
þ kR  ½TECðiþ 2Þ þ kF  ½TECðiÞ
 kR  ½TECðiþ 1Þ;
(2)
andBiophysical Journal 101(5) 1155–1165
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dt
¼  kR  ½TECðiþ 2Þ
þ kF  ½TECðiþ 1Þ:
(3)
Here TEC(i þ 2) is the relative fraction of total TECs at
template position (i þ 2). Equations 1 and 3 each describe
only one possible entry or exit pathway because positions
(i) and (i þ 2) represent the ‘‘ends’’ of this idealized tran-
scription template, whereas Eq. 2 has two potential entry
or exit pathways because position (i þ 1) can be accessed
from either direction. Because the fraction of total TECs
at each template position is dependent on the fractions at
the other positions, these equations can be coupled and
solved concurrently to determine the fraction of TECs at
each elongation position as a function of time.
The average rate constants for nucleotide addition or
pyrophosphorolysis during in vitro, single-round RNA tran-
scription reactions for Escherichia coli transcription
complexes at 25–30C under nonlimiting NTP concentra-
tions and at nonpausing positions have been estimated
experimentally to be ~20 and ~104 nt s1, respectively
(25,28–32). Although limiting concentrations of NTPs and
high concentrations of pyrophosphate are known to alter
these rates, we have here specifically modeled the condi-
tions commonly used for in vitro studies. Parameters deter-
mined in this way were used as rate constants to determine
the fraction of total TECs at template position (i þ 1),
assuming that at time zero all TECs were located at template
position (i) (Fig. 1 B). Note that movement to or from a
particular template position is a stochastic or random
process, and that the TEC occupancy profiles for each
template position ((i), (i þ 1), and (i þ 2)) as a function
of time can also represent the probability of a single TEC
entering or leaving this template position. Hence, for this
simple model, the position of the peak representing move-
ment into or out of template position (i þ 1) is based on
an average dwell-time of ~50 ms at each template position,
and the breadth of the distribution shows that dwell-times
for individual TECs may be significantly shorter or longer
than this.
Coupled equations for multiple nucleotide addition
events covering template positions (i) to (i þ n) were gener-
ated iteratively (see Fig. S1 in the Supporting Material)
and result in the replacement of Eqs. 2 and 3 with Eqs. 4
and 5:
d½TECðjÞ
dt
¼  kF  ½TECðjÞ þ kR  ½ðj þ 1Þ
þ kF  ½TECðj  1Þ  kR  ½TECðjÞ;
½ðiþ 1Þ<j>ðiþ n 1Þ;
(4)
d½TECðnÞ
dt
¼ kR  ½TECðnÞ þ kF  ½TECðn 1Þ: (5)Biophysical Journal 101(5) 1155–1165Here j represents each template position from (i þ 1) to
(iþ n 1). Because n has been set equal to 20 for this simu-
lation, Eq. 4 describes all of the equations representing
template positions between (iþ 1) and (iþ 19) (represented
by the dots in Fig. S1). This results in a total of 21 equations,
with the final equation (Eq. 5) representing the rate constant
for the change of the fraction of TECs at position 20
(TEC(i þ 20)). Kinetic fitting programs, such as Berkeley
Madonna (used in this work) or other differential equation
solvers, can be set up to process these coupled iterative
events (see the Supporting Material). More-detailed models
can utilize additional mathematical methods to simplify the
equations and reduce the computation time required to
‘‘solve’’ the models for such coupled events (13,14,16,33,34).
However, the assumptions required to achieve this simplifi-
cation can introduce other complications and are beyond the
‘‘intuitive’’ aims of this study (33).
The stochastic nature of these events also means that
movement out of the first template position, (i), after addi-
tion of the next templated NTP, is not completely synchro-
nous, even in this idealized simulation. This is consistent
with observations for ‘‘bulk’’ solution transcription reactions
described below and elsewhere (24,35,36). The fraction of
TECs located at position (i) decays exponentially with
time (Fig. 2 A) because the rate of nucleotide addition is
significantly faster than that for pyrophosphorolysis and
high steady-state concentrations of NTP also favor the
forward reaction. The TECs accumulate at the run-off posi-
tion, represented by TEC(i þ 20) in Fig. 2 A, as also seen
experimentally at the run-off position in bulk solution tran-
scription reactions (26).
The curves representing the fraction of TECs at each
successive template position broaden with time, with distri-
bution widths increasing and peak heights decreasing. The
progressive decrease in the maximum fraction of TECs at
each sequential template position at any one time is a hyper-
bolic function, in that the rate constant of ‘‘spreading’’ of the
TEC population at sequential template positions decreases
with time as the template length increases. These differ-
ences are most readily apparent when we compare early
and late template positions, such as (i þ 1) and (i þ 19),
corresponding to template positions one basepair after the
first addition event and one basepair before the end of the
(defined and idealized) template (Fig. 2 B). The fraction
of total TECs at template position (i þ 19) at any given
time is significantly reduced relative to the fraction at
(i þ 1). However, the total time over which one or more
TEC(s) is(are) located at position (i þ 1), relative to one
or more having arrived at position (i þ 19), increases
from 0.5 s to >1 s.
These simulations can partially explain the variability in
apparent forward rate constants observed in single-molecule
experiments. For example, if each nucleotide addition event
between template positions (i) and (iþ 19) occurs within the
shortest possible time, the average transcription rate for this
FIGURE 2 Model for transcription elongation. (A) Simulation of TEC
movement during transcription across multiple template positions to posi-
tion (i þ n) (see Fig. S2; n ¼ 20 for this simulation) under standard condi-
tions (described for Fig. 1 B above). (Curves) Fraction of total TECs present
at each sequential template position as a function of time, beginning
with template position (i) (black curve) and ending at position (i þ 20)
(light-blue curve). (B) Comparison of the fraction of total TECs at template
positions (i) (solid curve) and position (i þ 19) (dashed curve) over the
time-course of the reaction.
Modular Models for Transcription Kinetics 1159TEC would be ~40 nt s1, corresponding to the position (at
0.5 s) of the leading edge of the (i þ 19) occupancy curve.
Conversely, if these events all occurred over relatively long
timescales, the average apparent transcription rate for this
TEC molecule would appear to be ~10 nt s1, as seen for
the trailing edge of the (i þ 19) curve at 1.5 s (Fig. 2 B).
The stochastic effects that create leading and trailing edges
of the bulk TEC population have also been observed, partic-
ularly for longer templates, in the sensitive real-time SPR
data presented elsewhere (8,26).
This difference between the leading and trailing edges of
the TEC population at this forward rate constant (which
might be incorrectly interpreted as suggesting that the slow-
est and fastest TECs have different transcription rates)
would increase as the number of chain extension events is
increased, suggesting that the distribution of TEC velocities
sometimes observed in single-molecule experiments may
not reflect chemical ‘‘microheterogeneity’’ of the individual
TEC complexes (33,35,37), but instead may have been due,
at least in part, to the stochastic nature of multiple sequentialnucleotide addition events over many template positions.
However, as noted elsewhere, this random aspect of nucleo-
tide addition cannot account for the entire range of hetero-
geneous elongation rates observed (33). In bulk-solution
experiments, TECs that lie at the edge of the possible distri-
bution for transcription events do not provide detectable
experimental signals, and therefore these events are only
‘‘seen’’ in experiments with high resolution or in simula-
tions such as those presented here.Adding a ‘‘generic’’ pause to RNA transcription
elongation models
One of the basic assumptions made in setting up the simple
transcription models described above is that off-pathway
alternatives to the elongation-competent state (such as
paused states) are specifically excluded. Therefore, such
‘‘simple’’ models cannot be used to describe transcription
on a real template, which invariably contain pause signals.
We therefore developed a transcription ‘‘module’’ for our
overall kinetic scheme that includes such off-pathway
states. This permits us to add a paused transcription complex
(P) at template position (iþ x), where x is less than n, to the
basic transcription model described above (see Fig. S2).
Although, as discussed elsewhere in this article, three
distinct types of long pauses have been described in other
studies, this simple model makes no distinction between
these pause types. Two new equations were added to the
coupled equations above to permit inclusion of such pauses
in the model:
d½TECðiþ xÞ
dt
¼  kF  ½TECðiþ xÞ
þ kR  ½TECðiþ x þ 1Þ
þ kF  ½TECðiþ x  1Þ
 kR  ½TECðiþ xÞ
 kpause  ½TECðiþ xÞ þ kPE  ½P;
(6)
d½P
dt
¼ þkpause  ½TECðiþ xÞ  kPE  ½P: (7)
Here P denotes the fraction of TECs in the paused state,
while kpause and kPE are the rate constants for the movement
of the TEC into and out of this alternative state. In Eq. 4, j
now represents each template position located upstream
(between positions (i þ 1) and (i þ x  1)) and downstream
(between positions (i þ x þ 1) and (i þ n  1)) of the pause
at template position (i þ x). For this simulation the pause
was positioned at template site x ¼ 10 (corresponding to
TEC(iþ 10)), with the rate constants for entry into this posi-
tion and state (kpause), and exit from this position and state
(kPE), taken as 10 and 0.01 s
1, respectively. This corre-
sponds to a relatively weak pause compared to those easilyBiophysical Journal 101(5) 1155–1165
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As before, the run-off position was set at n ¼ 20, corre-
sponding to (TECi þ 20 in Fig. 2 A), with all TECs initially
located at template position (i) and with the corresponding
forward and reverse reaction rate constants set at 20 and
0.0001 s1, as before.
The shapes of the curves describing the arrival of the
TECs at run-off template position (i þ 20) (Figs. 2 A and
3 A) as a function of time are directly dependent on the
rate constants of the transcription events that occur at all
of the positions that precede position i þ 20 on both the
pause- and nonpause-containing templates (Fig. 3 B). Due
to the stochastic nature of the movement of the TECs, the
arrival of these complexes at the run-off position in the
model that includes a pause begins at the same time as in
the simple model, because, of course, a fraction of theFIGURE 3 Addition of a paused state to the model for transcription
elongation. (A) Simulation of TEC movement from template position (i)
to position (i þ x), where the TEC may enter a paused state (Fig. S2), to
position (i þ n) (x ¼ 10 and n ¼ 20 for this simulation), under standard
conditions as described for Fig. 1 B above, with values for kpausex and
kPEx of 10 and 0.1 nt s
1, respectively. (Curves) Fraction of total TECs
present at each sequential template position with time, beginning with
template position (i) (black curve) and ending at position (i þ 20) (light-
blue curve), including the fraction of total TECs in the alternative paused
state (dashed gray curve). (B) Comparison of TEC entry into template posi-
tion (i þ 19) in simulations with and without a paused alternative state at
position (i þ x) (dashed and solid curves, respectively), during the time-
course of the simulation.
Biophysical Journal 101(5) 1155–1165TECs do not enter the paused state. However, because
other TECs do pause, the run-off position is populated at
a slower rate, and the final fraction of TECs in this state at
the end of the simulation (t ¼ 2–3 s) is smaller than that
observed for the run-off band in the simple model. This
difference represents the sum of the fractions of the total
TEC population that did not pause and those that did pause
and then escaped slowly at the rate constant for pause exit
(kPE), before completing transcription of the template. As
expected, when the simulation was run for 500 s, all the
TECs reached the run-off position after escaping from the
paused state.
The fraction of TECs that enter the paused state at
template position (iþ 10) increases rapidly to its peak value
and is largely defined by the rate constant kpause that relates
to the ‘‘efficiency’’ of the pause (Fig. 3 A) (4,38). In this
simulation, the maximum fraction of TECs that are present
in the paused state at any one time is 0.35 (Fig. 3 A). The
paused TECs then slowly decay (with rate constant kPE)
into an elongation-competent state at a rate that is related
to the pause half-life by ln(2/kPE) (4), equivalent to ~5 s in
this simulation (Fig. 3 A). Addition of this simple pause
also accelerates the previously observed spreading of the
curves that represent the entry into, and exit from, succes-
sive template positions downstream of this pause site
(Fig. 3 A). Although strong pause signals reconcentrate
the TECs at the pause position, producing strong bands in
bulk-solution gel assays, the above result shows that in
addition these signals act to further spread the average pop-
ulation of TECs across the template DNA over time, com-
pared to the spreading on the same template without a
pause. This is due to the rate constant of pause escape
being significantly slower than the elongation rate constant
(Fig. 3 A), consistent with pause escape rates seen in single-
molecule and stopped-flow experiments (24,35).A kinetic model for RNA transcription that
includes both elongation and termination
In addition to pausing and related ‘‘reversible’’ events in
transcript elongation, termination of RNA elongation repre-
sents an important alternative pathway in gene expression
and thus an irreversible termination process must also be
included in kinetic schemes that seek to describe elongation
kinetics in realistic terms. In addition, termination-antiter-
mination systems in bacteria add an effective layer of regu-
latory response to environmental signals, while termination
in all organisms prevents interference with the expression of
downstream genes or operons by TECs that would otherwise
transcribe-through from upstream promoters. Pausing has
previously been found to be an integral event in the tran-
scription termination process, including termination at the
intrinsic terminators of prokaryotes (39,40). Hence, the
simple kinetic scheme outlined above to describe pausing
during transcription can easily be extended to incorporate
Modular Models for Transcription Kinetics 1161termination and antitermination processes by defining a
‘‘terminated state’’ (Fig. 4 A). To this end, Eq. 7 was altered
to yield Eqs. 8 and 9, which include terminated state T, with
krelease designating the rate constant for entry into this state.
Because termination is irreversible, there is no rate constant
for the reverse reaction:
d½P
dt
¼ þkpause  ½TECðiþ xÞ  kPE  ½P  krelease  ½T;
(8)
d½T
dt
¼ krelease  ½T: (9)FIGURE 4 Addition of a terminated alternative state to the model for
transcription elongation. (A) Depiction of a model for transcript elongation
by a TEC over many template positions (as for Fig. 1 A above), excepting
RNAP (light-blue oval), with the addition of a potential termination event
after the off-pathway paused alternative state. TECs in the paused state at
(i þ x) may also irreversibly enter a terminated state with rate constant,
krelease. An intrinsic terminator, represented by a hairpin in the nascent
RNA immediately upstream of a weak RNA/DNA hybrid, is also shown.
(B) Simulation of TEC movement across multiple template positions
through position (iþ x), where the TECmay enter a paused state and poten-
tially undergo termination, to position (i þ n) (x ¼ 10 and n ¼ 20 for this
simulation) under standard conditions (see Fig. 1 B above), with a value for
krelease of 1 nt s
1. Sequential curves represent the fraction of total TECs at
each template position with time, beginning with template position (i)
(black curve) and ending at position (iþ 20) (light-blue curve). The fraction
of the total TECs present in alternative paused or terminated states is also
shown (dashed gray and black curves, respectively).This total kinetic scheme was used to simulate transcription
elongation, pausing, and termination, with the rate constant
for termination and release of TECs from the DNA template
(krelease) set at 1 s
1, consistent with data from previous
work (8,40–44). Under the standard conditions described
above for the simple transcription model, the run-off posi-
tion was set at n ¼ 20, corresponding to TEC(i þ 20) in
Fig. 4 B, with all TECs assumed to be at template position
(i) at time zero, and the forward and reverse reaction rate
constants were left unchanged at 20 and 0.0001 s1,
respectively.
The termination position was set at x¼ 10, corresponding
to TEC(i þ 10), with rate constants of 10 and 0.01 s1,
respectively, for entry into (kpause) and exit from (kPE) the
pretermination paused state as described for the transcrip-
tion model above, which includes a reversible defined pause.
This simulation results in a termination efficiency of ~0.3.
This value is largely dependent on the efficiency of pause
entry, because the rate constant of release at the terminator
is significantly faster than the rate constant of pause escape
(Fig. 5). This is supported by simulations in which the rate
constant for kpause was varied from 10 to 50 s
1, whereas
those for kPE and krelease were held at 0.01 and 1 s
1, respec-
tively, resulting in significant alteration in the fraction of
TECs that terminate (Fig. 5 A). Conversely, altering kPE
while holding kpause and krelease at constant values of 10
and 1 s1, respectively, did not greatly affect the terminated
fraction (Fig. S3). Increasing the rate constant for release to
>1 s1 also altered the fraction of TECs terminated, partic-
ularly for situations where the pause signal was efficient
(rate constants of 30 s1 or greater; see Fig. 5 B). Thus, as
expected, a TEC at a termination position will either
undergo termination or continue elongation in these simula-
tions, consistent with what is seen in single-molecule exper-
iments (45).Adding kinetic terms to describe ‘‘stall escape’’
Kinetic aspects of transcript elongation are typically studied
using TECs that have been initially ‘‘stalled’’ by the
absence of the next template-required NTP. Such states
are typically created by assembling a nucleic acid scaffold
consisting of the transcription bubble and the RNA-DNA
hybrid, described above, or by initiation of transcription
at the promoter of a particular template and elongation in
the presence of three NTPs, until a position is reached
where the missing NTP is required. A one-step or multistep
nucleotide addition (elongation) reaction is initiated at
a defined time by adding a defined concentration of the
next required NTP, or by adding all four NTPs together.
However, we note that TECs stalled in either of these
ways also do not form a uniform synchronized popula-
tion, because they may enter into paused or arrested
alternatives to the elongation-competent state at the NTP-
deprived template position ((22,46) and Fig. 6). TheseBiophysical Journal 101(5) 1155–1165
FIGURE 5 Effect on termination efficiency of kpause and kPE. The frac-
tion of total TECs terminated (T) or run-off (TEC(i þ 20)), when the rate
constants for pause entry (A; kpause) or release (B; krelease) are varied. Units
for the rate constants in the legend are s1. When not varied kpause was set
to 30 s1 (B), while kPE and krelease were maintained at 0.01 and 1 s
1,
respectively.
FIGURE 6 Model describing the alternative states that occur for TECs
stalled in the absence of the next templated NTP. Schematic representations
are as in Fig. S1, Fig. S2, and Fig. S3, with the addition of an empty NTP
binding site in the posttranslocated state (open square). TECs may enter
three or more states at stall positions (22,46), including arrested (A; shaded
oval); backtracked by one template position (B; extension of solid line);
pretranslocated (pre; no square) and posttranslocated (post; open square)
states, respectively. Rate constants for movement of TECs into, or out of,
these states are denoted with subscripts F and R, respectively. Arrested
states cannot undergo nucleotide addition without transcription cofactors
and hence only one rate constant (kA) was used to describe movement
into this state. Backtracked TECs are considered as paused states with entry
and exit rate constants kBF and kBR, respectively. TECs oscillate rapidly
between the pre- and posttranslocated states, with rate constants ktrans,F
and ktrans,R. Binding of the next templated NTP (solid square) with rate
constant kNTP,F traps the TEC in the posttranslocated NTP bound state,
which may then undergo nucleotide addition to the next template position.
Because the rate-limiting steps here comprise the entry and exit pathways
into the backtracked state, the model was simplified by combining the
pre- and posttranslocated states with the backtracked state and by lumping
the rate constants for these reactions into a single rate constant kBR.
1162 Greive et al.include various backtracked positions, which can decay into
arrested states, along with the pre- and posttranslocated
positions (see the Supporting Material and the companion
article (26)).
This information was used to design an overall kinetic
scheme that can describe the various the events that can
occur during elongation (Fig. 6). For simplicity, and consis-
tent with experiments on numerous templates, the model
includes only one backtracked state, which can decay into
an arrested state with rate constant kA. Because this is an
irreversible reaction in the absence of Gre factors, the model
does not include the reverse rate constant. Upon NTP addi-
tion, this backtracked state returns to the NTP-bound active
state via sequential diffusion-driven translocation events
through the intervening pre- and posttranslocated states
and then NTP binding, with rate constants kBR, ktrans,F, and
kNTP,F, respectively (Fig. 6). Escape from the stall position
by movement of TECs through these states and into the
active NTP-bound state and finally—by nucleotideBiophysical Journal 101(5) 1155–1165
Modular Models for Transcription Kinetics 1163addition—to the next template position, can be described by
the following differential equations:
d½TECðiÞ
dt
¼ kF  ½TECðiþ xÞ þ kR  ½TECðiþ xÞ
 kBF  ½TECðiÞ þ kBR  ½TECðiÞB;
(10)
d½TECðiÞB
dt
¼ þ kBF  ½TECðiÞ  kBR  ½TECðiÞB
 kA  ½TECðiÞB;
(11)
d½TECðiÞA
dt
¼ þkA  ½TECðiÞB: (12)
Here TEC(i)B represents a state that has backtracked by one
position and TEC(i)A represents the arrested state at this
template position. The rate constants for entry into, and
exit from, the backtracked state are denoted kBF and kBR,
respectively, whereas kA represents the rate constant for
decay into the arrested state.
A kinetic model (or module) of this type can easily be
added to the previous models to create a comprehensive
(and custom-designed) model that describes all of the events
that are known to occur between the resumption of tran-
scription from the stall position to the appearance of the
terminated and run-off products. In the accompanying
article (26), we use this model to fit ‘‘real’’ data obtained
on defined DNA templates by bulk RNA gel electrophoresis
and surface plasmon resonance transcription assays.DISCUSSION
In this study we set out to develop a set of kinetic elements
that could be combined to provide molecular models of
appropriate complexity to describe (and simulate) the
steps of transcription (including alternative pathways) and
related repeating cyclic processes involved in gene expres-
sion of any given template. Two types of mechanistic
models have previously been proposed to describe the
central events of transcript elongation. In models of the
Brownian ratchet type, the energy provided by thermal fluc-
tuations causes the TECs to oscillate between their pre- and
their posttranslocated states (13,33,46,47). The incoming
templated NTP then traps these oscillating TECs in the
posttranslocated state, leading to nucleotide addition at
the 30 end of the nascent RNA and repetition of the cycle.
In contrast, power-stroke models suggest that the net free
energy produced by phosphodiester bond transfer during
the nucleotide addition cycle drives the TEC forward,
inducing one or more conformational changes in the
active site of the polymerase and also driving the transloca-
tion of the RNAP along the template strand. The kineticapproaches presented here make no distinction between
these two types of elongation models, although the observa-
tion that TECs can accumulate in the pretranslocated state
in the absence of the next templated NTP does provide
some support for models of the Brownian ratchet type
(13,16,33,34,46,48).
Our kinetic ‘‘modules’’ (essentially introducing addi-
tional elements into a purely elongation model to allow
for pausing, termination, back-tracking, etc.) are based on
the chemical master equation and can be used to fit tran-
scription elongation, pausing, and termination data obtained
both from traditional bulk-solution electrophoresis assays
and real-time SPR experiments (26). This modular approach
can provide a relatively complete mechanistic picture of the
steps that are involved in the various processes of transcript
elongation.
Finally, our results and analysis can also be used to reveal
how these kinetic parameters interact in controlling the
overall process, and thus can be used to help define rate-
limiting steps and how they shift with changes in reaction
conditions and parameters.
Clearly this modular approach can be customized to
simulate different events, such as pausing or termination
that might occur during transcription elongation. Indeed,
in the companion article we have developed such a custom-
ized model to fit transcription elongation data from a real
template containing the tR2 terminator (26). We note, as
in the kinetic modeling performed in our previous study
(8), that we have assumed in applying this modular
modeling scheme to simulate transcription that the rates
of hairpin folding and nucleic scaffold rearrangement
during transcript elongation are fast relative to elongation.
Although this assumption can easily be relaxed if necessary,
making it reduces the termination switch into a ‘‘race’’
between the elongation and the pause entry parameters.
We note also that this type of modular kinetic scheme can
be expanded to account for the activity of termination
factors, such as the r-helicase in prokaryotes, by the addi-
tion of a separate module describing the binding of these
enzymes to, and translocation along, the nascent RNA (1,7).
In summary, in this article we have developed a series of
kinetic models of increasing complexity that can be assem-
bled into a custom comprehensive model that can be used to
successfully simulate experimental transcription data from
specific templates under defined conditions. These models
can, in principle, easily be extended to apply to other regu-
latory events that involve other forms of kinetic competition
between alternative reaction pathways. Thus essentially the
same master equation framework, but containing different
or additional terms, can be used for modeling the tem-
plate-directed elongation process in DNA replication by
including terms for initiation, base misincorporation, and
termination; for template-directed DNA repair by including
terms for replication restart and error removal; for RNA
translation (i.e., template-directed protein synthesis) byBiophysical Journal 101(5) 1155–1165
1164 Greive et al.including terms dealing with mRNA binding to and translo-
cation on ribosomes and the regulatory effects of translation
factors; and for many other ‘‘n-step’’ processes (27).SUPPORTING MATERIAL
Additional information on modules and three figures are available at http://
www.biophysj.org/biophysj/supplemental/S0006-3495(11)00901-5.
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